This paper proposes a robust state observer for multi-input multi-output LTI systems. Unknown inputs of polynomial form and highfrequency measurement noises are considered in the system model. The unknown inputs and the noises are not in the same form. Multiple integrations of both the observer error signal and the measurement output are used for the observer design. The existence condition of the proposed observer is shown to be the same as that of the proportional-integral (PI) observer. Computer simulations show the effectiveness of the proposed observer. key words: proportional integral observer, unknown input, measurement noise, multiple integrators
Introduction
This paper deals with how to estimate the states of systems with unknown disturbance inputs and measurement noises. We consider the multivariable linear time-invariant system ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ẋ = Ax + Bu + Nd y = Cx + w
where x ∈ R n is the state vector; u ∈ R m is the control input; d ∈ R q is the unknown disturbance input; y ∈ R p is the measurement output; w ∈ R p is the measurement noise, and A, B, N, C are the constant matrices of appropriate dimensions. We assume p ≥ q and, without loss of generality, rank{N} = q and rank{C} = p.
The unknown disturbance input vector is assumed to have the following polynomial function form:
where A i ∈ R q (i = 0, 1, ..., s − 1) are constant vectors, the values of which are unknown.
If the pair (C, A) is observable, the conventional observer is readily constructed aṡ
wherex ∈ R n is the estimation of the state x and L is the gain matrix such that (A − LC) is stable.
If we definex = x −x, then the error dynamics system is obtained bẏ When w = 0 and d is a constant vector (i.e. A i = 0 for i = 1, ..., s − 1), a proportional-integral (PI) observer was proposed in [1] under the following assumption.
Assumption 1. The pair (C, A) is observable and
By using the additional integral of the estimation error to the Luenberger observer (3), the PI observer successfully estimates the unknown input d as well as the state x (see e.g. [2] for more details on PI observer). Moreover, for the general unknown disturbance signal (2), multiple integrations of the estimation error signal were used in [3] to estimate the system state accurately.
When w 0, however, the performance of the observer is adversely affected by the measurement noise amplified by the observer gain as pointed out in [4] . If the value of gain is high, the noise amplification makes the performance of the PI observer undesirable. In order to circumvent the problem, the measurement output y has been replaced with its integral for single output systems [4] . Main drawback of the result is that it deals with the case when the noise w is a scalar value that is equivalent to the disturbance input d. This paper presents a simple robust observer for a multi-input multi-output system (1) when d w. Multiple integrations of both the estimation error and the output measurements are used to estimate the state and the disturbance input simultaneously. A similar result can be found in [5] which is based on the proportional-derivative (PD) observer for descriptor systems [6] . When compared to [5] the proposed observer is easy to implement and the effect of the measurement noise can be made sufficiently small by increasing the number of integration of the output measurement. Computer simulations for a mechanical system [7] and a MIMO system show the effectiveness of the proposed observer to estimate the state and the unknown disturbance.
Notations: C is the set of all complex numbers. I p and 0 p are the p× p identity matrix and zero matrix, respectively.
Multiple Integral Observer
By replacing the output y with its r-times integration (i.e. the new state ν 1 in (6)) in the innovation term of the observer we can reduce the effect of high frequency w on the estimation performance.
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where ν i ∈ R p (i = 0, 1, ..., r). Additional state ξ is constructed to estimate the unknown disturbance d. The state ξ 1 represents d.
where
1 =ξ s = 0. Consider the following system described as
Observability of (C,Ā) can be checked by the PBH rank test of (9) [8] .
Since the matrices in (9) are rewritten as (10), the system (8) is observable under Assumption 1. Hence, the existence 
condition of the observer for (8) is the same as that of the PI observer in [1] . Under Assumption 1, the multiple integral observer (MIO) is proposed aṡ z =Āẑ +Bu +L(ȳ − Cẑ)
whereL is the gain matrix such that (Ā −LC) is stable. If we definez = z −ẑ, then the error dynamics system is obtained bẏ
As the number of integrators r increases, more amount of the noise is filtered out in the error dynamics (12) at the cost of observer dimension. The existence condition ofL (Assumption 1) is independent of the integration order.
In the next section the proposed observer is designed for a mechanical example and compared with other observers in [5] , [7] .
Design Examples and Simulation Results
Example 1. This example considers the state estimation of the mechanical system of Fig. 1 [7] . The force F is generated by an actuator whose dynamics iṡ
where a is the time constant and u is the control input. The unknown constant force θ also applies to the system. The equation of motion is given by
By choosing the states
T and assuming the displacement z is measured, the state space model is given in the form of (1) . If the system parameters are M = 1, k = 0.5, c = 0.3, and a = 1.5, Assumption 1 is satisfied with the following matrices:
and C = 1 0 0 . In all the simulation results, the control input u = 0.5 sin t, the unknown disturbance d = θ = 3, the measurement noise w = sin100t, and all the observer poles are located at −5.
In [7] a robust observer was designed using an adaptive algorithm with additional dynamics. The order of the observer dynamics was 5 in [7] when w = 0. The results in Fig. 2 show the proposed observer (11) can provide an alternative solution to the estimation problem when r = 0 and s = 1. Note that the order of the proposed observer is 4 and less than that of [7] . Figure 3 shows the noise amplification effect is reduced by using the proposed observer (11) when w 0. The result of [5] also shows the same performance as the proposed observer in Fig. 3 . Actually the transfer functions from w tõ x = x −x of [5] and the proposed (when r = 1 and s = 1) are equivalent as shown in Table 1 . Compared to [5] the proposed observer seems to be easy to implement and the noise attenuation property can be improved as shown in Fig. 4 . Figure 4 illustrates the effect of the measurement noise can be made sufficiently small by increasing the integration order r. In Fig. 4 the results with r = 2 are compared with the case of r = 1 (or the results with [5] ). The transfer functions from the noise w to the estimation errorx = x −x for the two cases are given in Table 1 . This shows that more amount of the noise can be filtered out in the error dynamics as the number r increases. Example 2. Unlike [4] the proposed method can be applied to MIMO systems. Consider the system (1) with
and C = 1 0 0 0 0 0 1 0 .
The performance of the proposed observer for (16) has been shown in Fig. 5 that compares the cases with r = 1 and r = 2. In the simulation the control input u = 0, the unknown disturbance d = 3, and the noise w = [ sin 100t 2 cos 80t ]
T were used. 
Conclusion
A robust observer using multiple integrators has been proposed for multi-variable LTI systems. Under the same existence condition as the PI observer the noise amplification problem can be avoided by replacing the measurement output with its r-times integration. The higher order r is employed, the more amount of noise is filtered out from the observer error dynamics. Moreover, with the integrations of the observer error signals upto s-times, the unknown disturbance input is estimated as well as the system states. A simple mechanical system and a multivariable numerical example have been considered to show the effectiveness of the proposed observer. For a mechanical example the proposed observer estimates the system state with less order than that of the previous observer in [7] . The noise reduction performance of the proposed observer can be more effective than the descriptor system approach [5] when r ≥ 2. Future study includes the design method (e.g. LTR technique) to select the observer gain for the proposed observer.
